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Abstract. In this paper, we investigate the following quasilinear elliptic and singular sys- 

; tem(P): 

' —A p u = fi(x,u,v) in £2; u\ga = 0, it > in £2, 

^ ! -A g u = f 2 (x,u,v) inQ; = 0, v > inQ, 

where 12 is a bounded domain with smooth boundary in M N , 1 < p, q < oo and /i, /j 6 
"if 1 (£2 x R* x R* ) two positive functions. Under suitable conditions on f\ and fi, we 
first give a general result on the existence of positive weak solutions pairs (u, v) 6 Wq' p (£2) x 
W ' 9 (£2) to (P). Next, we give some applications to Biology. 

> 

\Q . Keywords. Quasilinear singular elliptic systems, weak comparison principle, sub and 
<^> super solutions, cone condition, Schauder fixed point Theorem. 

oo : 

I/-) . 2010 Mathematics Subject Classification. 35J35, 35J50, 35R05. 

<N 
O 
m 
— ' 

1 Introduction 



S— i . system, 



^ ' In this paper we are interested in the following quasilinear elliptic and singular 

{— A p u = fi (x, u, v) in £2; u\qq = 0, u>0 in £2, 
— A q v = f2(x, u, v) in £2; v\qq = 0, v > in £2. 

Here, £2 is a bounded domain of R N , N > 2 with ^ 2 boundary d£l, A r u = 
div(|Vu| r_2 Vu) denotes the r -Laplace operator and 1 < p,q < oo. In the right- 
hand sides, fi and fi are two Caratheodory functions in £2 x (R^ x R+) possibly 
singular. More precisely, for every (t\ , £2) € R+ x R+ and for almost every x e £2, 
we assume that 

(ifi) /1 (-,£i, £2) and /2 ( ■ , ^ 1 , * 2 ) are Lebesgue measurable in £2, 
(ff 2 ) / 1 (a;,-,-)and/ 2 (x,-,-)arein^ 1 (K; xR;). 
We aim to establish the existence of a positive weak solutions pair to problem 
(P) using the Schauder Fixed Point Theorem. Namely, if we can compose two 
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order-reversing mappings, 

(u, v) I— > T\ (u, v) = u and (u, v) i— > T 2 {u, v) = v, (1.1) 

where ft G Wg P (£2) and S G Wg 9 (£2) are denned to be the (unique) positive weak 
solution to the Dirichlet problems 

— A p u+hi(x, u) = f\ (x,u, v) + hi(x,u) in £2; u\ga=o, u>0 inQ., (1.2) 

—AqV + hz(x,v) = f2(x,u,v) + hz(x,v)ia£l; u|aQ=o, v>0 in£l, (1.3) 

respectively, in suitable conical shells of positive cones in w£' p (Q) and w£' 9 (Q), 
with appropriate functions hi and then any fixed point of the mapping 

(u, v) ^ T(u, v) = (Ti (u, v),T 2 (u, v)) (1.4) 

is a positive weak solution pair to (P) and conversely. To prove that T is well 
defined and invariant in some conical shell, we use monotonicity methods together 
with the existence of sub- and supersolutions which prescribe the behaviour of 
the right-hand side singular non-linearities, namely f\ and f'2, near the boundary 
dCl. The continuity and the compactness in ^'"(fl) x *if ' Q (f2) for some suitable 
< a < 1 follow from the regularity result Theorem 1.1 in [11] we recall in the 
appendix (see Theorem A.l). We derive further uniqueness results in case where 
the system (P) is competitive or cooperative (see Theorem 3.8). To establish the 
uniqueness of a positive pair of solutions to (P), it is essential that the mapping T 
is subhomogeneous. In the cooperative and "strong" singular case, we also prove 
the existence of very weak solutions in Wj^(fi) x Wj^?(£2) (see Theorem 2.3). 

Quasilinear elliptic systems have been quite intensely investigated in the liter- 
ature with various methods. In [23], the authors take advantage of the variational 
structure of the problem to apply variational methods. In [3], a blow up argument 
combined with a Liouville theorem yields universal a priori bounds. Then, the 
existence of solutions is obtained by a topological degree argument (see also the 
review article [5]). In [4], the key ingredients to prove existence of solutions are 
the Strong Comparison Principle and Krein-Rutman theorem for homogeneous 
non-linear mapping. While dealing with subhomogeneous systems, one usually 
appeals the method of sub and supersolutions. 

Related problems for singular quasilinear systems have been also studied in 
[16] and [12]. Accordingly, we study in our paper a more general situation that 
handle more singular cases. We point out additionally that in the present work 
non-linearities f\ and fi are not necessary non-negative. 
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The case of singular semi-linear systems (p = q = 2) has been studied even 
more frequently in [1], [2], [21], [14], [15] and [8]. We refer to [14] for additional 
references on the subject. 

Throughout this paper, we will use the following notations and definitions: 

(i) To r G (1, +oo) we associate r' = > 1 and we denote by W _1,r ' (£2) the 
dual space of WQ r (£2) with respect to the standard inner product in L 2 (£2). 

def 

(ii) We denote by d{x) = inf d(x, y), the distance from x G £2 to d£l. 

yedD. 

def 

(hi) We denote by D = sup d(x, y), the diameter of the domain £2. 

x,y£Q. 

(iv) Let f,g:D, — > [0, +oo] be two functions of Lj 0C (Q). Then, we write 

f(x) ~ g{x) in £2 

if there exist two positive constants C\ and C2 such that for almost every 
x e £1, 

Cig(x) < f(x) < C 2 g(x). 

(v) The function ip\ r G W ' r (£2) denotes the positive and L r -re normalized eigen- 
f unction corresponding to the first eigenvalue of — A r , 

\ l r ^ f M j f \Vv\ r dx el, veW l - r (£l) and [\v\ r dx = l 
[Jn Jn 

It is a weak solution of the following eigenvalue problem: 

— A r w = Xi t rW r ~ 1 in £2; u>|aa = 0, w > in £2. 

Using Moser iterations, tpi T G L°°(f2) and using the Holder regularity result 
in LlEBERMAN [19], (/?i,r G < ^ 1,Q (fl) for some < a < 1. Moreover the 
strong maximum and boundary principles from VAsquez [24], guarantee 
that ip\ tT satisfies 

^Pi,r{ x ) ~ d(x) in £2. (1.5) 

(vi) We say that a Lebesgue measurable function / : D, — > R is locally uniformly 
positive if essinfA'/ > holds over every compact set K C £2. 

(vii) In this paper, we primarily look for positive weak solution pairs (positive 
solutions, for short) of problem (P), that is, pairs of functions (u,v) G 
Wq P (£2) x Wg 9 (£2) with both u and v locally uniformly positive and each 
satisfying the respective equation in problem (P) in the weak sense. More 
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precisely, given 1 < r < oo and / G W _1 ' r (£2), we say that a function 
u 6 W 1 Q ' r (D.) satisfies the equation 

— A r u = f in £2 (1.6) 

in the weak sense if u is locally uniformly positive and satisfies 

\/w G Wo' r (f2), J \\Ju\ r ~ 2 Vu.Vwdx = </,'w) w -i,r' (a)xW i,- (i2) - 

In the case where the existence of positive solutions of (P) cannot be es- 
tablished, we discuss the existence of weaker solutions. Then, we say that 
(u, v) G Wj*(£2) x Wj q?(£2) is a positive very weak solution pair of (P) if 
both u and v are locally uniformly positive and satisfy the respective equation 
in problem (P) in the sense of distributions. 

In the three last points, for 1 < r < +oo, £/ r (Q.) represents the space 
wj ,r (£2) or the space W^(£l). 

(viii) Let w, w G &/ r (£2) , two locally uniformly positive functions such that w<w 
a.e. in £2. We define the convex set 

[w,w] *= {w G g/ r (Q.) n ^ (£2) , w<w<w a.e. in £2} . 

(ix) Let u,u E ^(£2) and v,v G =e^(£2) four locally uniformly positive func- 
tions such that u < u a.e. in £2 and v < v a.e. in £2. The couples (u, v) 
and (u,v) are said to be sub and supersolutions pairs to (P) if the following 



inequalities are satisfied in the distribution sense 

— A p u < fi (x,u, v) in £2, for any v G [v,v] , (1.7) 

— A q v < f2 (x,u,v) in £2. for any u G [u, u] , (1.8) 

— A p u > fx (x,u, v) in £2, for any v G [v,v] , (1.9) 

— \v > f% (x, u,v) in £2, for any u G [u, u] . (1-10) 



(x) Let(u, u), (u, v) G g/ p (Q.) x £^(£2) be respectively sub and supersolutions 
pairs to (P). Then, the conical shell [u,u] x [v,v] is denoted by C. 

The paper is organised as follows. The next section (Section 2) contains the state- 
ments and the proofs of our main results (Theorems 2.1 and Theorems 2.3). Dif- 
ferent applications of Theorems 2.1 and 2.3 arising in population dynamics models 
are given in Section 3. The appendix contains the regularity result (Theorem A.l) 
used to prove Holder continuity of solutions. Theorem A.l is proved in [11]. 
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2 General results 

Theorem 2.1. Let (u,v), (u,v) S Wq P (£1) x W l Q q (D,) be sub and supersolutions 
pairs to (P) and assume in addition that the following conditions hold: 

(i) there exist constants k[,k2 > and 61,82 6 K such that 

\fi{x,u,v)\ < kidix) 5 ' and \f 2 {x,u,v)\ < k 2 d(x) &2 in QxC, (2.1) 

(ii) there exist constants C\,C 2 > and b\ , b 2 > such that 

u < C l d(x) b > and v < C 2 d(x) b2 in Cl, 

(iii) and there exist k\,k 2 > and ot\,a 2 > such that 



(2.2) 



dfx, , 
— (x,u,v) 



< K 1 (i(x)' 5l - Ql in&xC, 



dh 
dv 



[x,u,v) 



< K 2 d(x) d2 



62 — 0(2 



in £1 x C, 



(2.3) 
(2.4) 

(2.5) 



with the following conditions on the coefficients 

5i > -2 + - + (ai - &i) + , S 2 > -2 + - + (a 2 - b 2 ) + . 

v q 

Then, there exists a positive weak solutions pair (u, v) E C. 



Remark 2.2. Instead of conditions (2.3) and (2.4), as in [12], we can rather sup- 
pose that there exist k\ , k 2 > and ct\ , a 2 > such that for all (u, v) £ C, 

w 1— > fi(x,w,v) + Kid(x) Sl ~ ai w p ~ l is non decreasing on [u,u], 

w n> f 2 (x, u, w) + K 2 d(x) Sl ~ ai w q ~ l is non decreasing on [v,v]. 
Replacing condition (2.5) by 

Si > -2 - - + (an - (p - l)bi) + , 5 2 > -2 + - + (a 2 - (q - 1) b 2 ) + , 

p q 

we get the same result and the condition is sharper if p, q > 2. For that, it suffices 
to replace the first equation of the problem (Q), given below, by 



-A p w +gi(x,w) = fi(x,u,v) + K[d(x) Sl ai u p 1 in £1, 
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(Q) 



with g\ : £2 x R — > R+ the cut-off function defined as follows: 

K l d(x) 5l - ai u p - 1 ]fz>u(x), 
§l(x,z) = \ Kl d(x) 5l - a > z p ~ l if z G [0,u( x )) i ( 2 - 6 ) 
if z < 

and proceed similarly for the second equation of (P). 

Proof. Let (u, v) G C. We first prove the existence of T\ (u, v) G W ' p (£2), where 

T\{u, v) is defined in (1.2) with h\(x,u) = Kid(x) l5l_Ql u in £2 x [u, U]. For that, 
let us introduce the following problem : 

-A p w + gi(x,w) = fi(x,u,v) + K\d(x) s '~ ai u in £2, 

Mdsi =0) w > in £2, 
with (/i : £2 x R — > R+ the cut-off function defined as follows: 

md^Y'-^u if z>u(x), 
gi{x,z) = { Kid{x) 5 '- ai z if z G [0, u(x)] , (2.7) 
if z < 0. 

Then, 51 is a Caratheodory function on £2 x R. Thus, for (x, s) G £2 x R, setting 

Gi (x, s) = g\ (x, z)dz, we consider the following functional: G Wq' p (£2), 
jo 

S(w) = i / |Vw| p dx+ f Gi(x,w)dx- [ (fi(x,u,v) +K 1 d{x) s '-°"u) wdx. 
P J a Jn Jn 

By assumption (2.5) and Hardy's inequality, E is well defined in Wq p (£2) and for 
all w G Wq P (£2), 

E(w) > ^ll^ll^,..^,-^ + ^xrfC^) 5 '""^) rf(^)|| L ^ (n) ll^llw,'-^)- (2-8) 

So, let us define 

1= inf E(w) (2.9) 

w€W' ' F (Cl) 

and let (w„) nf=N C wi' p (£2) be a minimizing sequence of E, i.e. lim E(w n ) = 

/. Using (2.8), (w n ) n€N is bounded in Wq P (£2), therefore there exists a subse- 
quence (w nk ) k ^ and u G Wg P (£2) such that w nk — > u, weakly in Wq P (£2) and 

k— »oo 

a.e. in £2. Therefore, 

UmM|KJ| w i, P(n) > ||n|| w i, P(Q) 
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and using Fatou's lemma, 

liminf / G\(x,w nk )dx > / liminf G\{x, w nk ) dx = I G\(x,u)dx. 

Hence, E(u) = I and ft is a solution to the Euler-Lagrange equation associated to 
Eq, that is: 

/ Vu| p_2 V£t.Vu; dx + / g\{x,u)wdx 
Jn Jsi 

' fi{x,u,v) + Kl d(x) Sl - ai uj wdx, (2.10) 



for any w G Wq P (£2). Now let us prove that u G [u,u]. Combining (1.7) and 
(2.10), we get for all w G Wo' p (£l)+ = f {w G W^il), w > a.e in Q.}, 



(|Vft| p ~ 2 Vu - |Vu| p_2 Vu) .Vwdx + / (c/i(a;,u) - g\{x,u)) wdx 

Jn 

[(fi{x,u,v) + Kid{x) 5i - ai u) - (fi(x,u,v) + K 1 d(x)*'- ai u)] wdx. (2.11) 



By assumption (2.3), applying this inequality with w = (u — u)~ G W l ' p (D.) + , 
we get u > u a.e. in £2. Similarly, combining (1.9) and (2.10) we also get u <u 
a.e. in £1. Then, u satisfies the equation 

-Apu + K X d{x) Si ~ ai u = fi(x,u,v) + Kid(x) Sl ~ ai u in £1, (2.12) 

in the weak sense. Moreover, using a classical local regularity result in [22], u G 
< ^ 1,7 (if) for some 7 > in any compact subset iv" of £2. So using inequality 
(2.2), u E 'to (£2), which gives us that £t G [u, u]. Finally, by the weak maximum 
principle, u is the unique function in the conical shell [u, u] satisfying (2.12). Then, 
the mapping T\ : (u, v) 1— > u is well-defined from C to [u,u]. In the same spirit, 
we get the existence of the mapping T2 : (u,v) 1— > v defined from C to [v,v], 
where v is the unique weak solution in [v, v] of 

-A p v + K 2 d(x) 52 - a2 v = f 2 (x, u, v) + K 2 d{x) 5l - ai v in £2. (2.13) 

This proves that the operator T defined in (1.4) is well-defined and makes invariant 
the conical shell C. 



Now, the continuity and the compactness of T follow from a regularity result in 
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[11] we recall in appendix A. Indeed, let (u n ,v n ) n€ ^ C C and (u,v) G C such 
that (u n , v n ) — > (u, v) in ^ (fi) x ^ (£l) as n — > +00. Then, from Theorem A.l 
and assumptions (2.1), (Ti(u ni v n ) = u n ) n€N is bounded in c io Q ' a {£l), for some 
< a < 1. By Ascoli-Arzela theorem, there exists a subsequence (un^^^ and 
u G [w, It] such that u nk — > ft uniformly in £2 as k — > 00. Moreover, using the local 
regularity result in [22], (u nk )keN is bounded in ff 1 ' 1 (K) for some 7 > and for 
any compact subset K of D, which entails that up to a subsequence denoted again 
(un k )keN suc h that Vu nk — > Vfi uniformly in iv" as /c — > +00. Then, u satisfies 



-A p u + K\d(x) 



<5i-«i 



f l (x,u,v) + K l d{x) Si - a[ u in £2 (2.14) 



in the sense of distributions. Moreover, since u < u a.e in £2, f\{x,u,v) + 
K X d(x) &l - ai (u - u) G W-^P'ip,), which implies that u G Wo' p (n). Hence 
w G [w, u] and is a weak solution of (2.14). By uniqueness of a such solution 
in [u,u], it follows that u = T[(u,v) and all the sequence (u n )neN converges to 
u in ^(£2). The same arguments hold to prove that T2(u n ,v n ) — > T2(u,v) uni- 
formly in £2 as n — > +00. Then, T : C — > C is continuous. Finally, it easy from the 
compact embedding of < ^' ' Q (£2) in "if (£2) to get the compactness of T. Applying 
the Schauder Fixed Point Theorem to T in C, the proof of Theorem 2.1 is now 
complete. □ 

We now give a more general result which guarantees the existence of a "very 
weak" positive solutions pair, in the cooperative case, when the inequalities (2.5) 
may not be satisfied. 



Theorem 2.3. Assume that (P) is a cooperative system, i.e. 

-——(x,u,v)>0 and ——(x,u,v)>0 in flxl 
av au 



xR;. (2.15) 
be sub and super- 



Let{u,v),(%v) g f(n)nwj*(n) x p)nw^(fl) 

solutions pairs to (P). Assume in addition that the following conditions hold: 
(i) there exist constants C\ , C2 > and b\ , 62 > smc/i f/iaf 

u < ddix) 1 " and v < C 2 d{x) bl 



£2, 



(2.16) 



(ii) there exist «i , K2 > and 81,82 G R smc/i that 



dfi ( 



5/2, 



< K 2 d(x)' 52 z>i£2xC. (2.17) 
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Then, there exists a positive very weak solution pair (u, v) £ L°° (£2) n Wj 

( C\\ ts, /IDA fiiy-Ji tUsit ( >t, >t,\ a P 

loc 



L°°(£2) n W|j?(a) to (P) such that (u, v) e c. 



Remark 2.4. Since fa and fa are continuous with respect to the two last variables 
in W + x R*, assumptions (2.16) and (2.17) imply that for any K CC £2, there 
exist Ck, C' k > such that 



\fi(x,u,v) \ < C K and \fa(x, u, v)\ < C' K in K x C. 



(2.18) 



Proof. Since £2 is a smooth domain, we can introduce (£2 n ) neN , C £2 an increas- 
ing sequence of smooth subdomains of £2 such that £2„ — > £2 in the Hausdorff 

n— >oo 

topology with 

VneN*, — !— < dist(<9£2, d£2„) < -. 

n + 1 n 

Then, for all n £ N* we consider the following iterative scheme: 



Kid{x) 6 



fi(x,u n -i,v n -i) + K,\d{x) 5x u n -\ in £2, 



(Pn) 



-A,^ + K2d(x) d2 v n = fa(x,u n -\,v n -i) + K 2 d(x) 5l -v n -i in £2. 



u n \dQ.„ =u, v n \ d Q. n =v and u„ > 0, v n > in£2 n , 
with initial data uq = u and «o = t> in £2o and for all n £ N, 

def def 

&n = ^a n -u n + l a \a n .u and u„ = to. n .v n + ln\n„-« m ^- 

By induction on n £ N*, (P n ) has a solution (u n , v n ) £ W l!P (£2„) x W 1,9 (£2 n ) 
satisfying for all n £ N* , 

u<u n < u n +i < u and u < v n < u n +i < T> a.e. in £2. (2.19) 

Indeed, using estimates (2.16) and (2.18), 

fi(x,u,v) + Kid(x) 5l u £ L°°(£2i) W^'P'ifli) 

and since u £ W 1,p (£2i) W 1 / p '' p ((9£2i) in the sense of the traces, we get u\ £ 
W 1,p (£2i) as a minimum of the functional E\ defined for w £ W 1,p (£2i) by 

EAw) = - [ \W{w + uWdx + — I d(x) 5l (w + u) 2 dx 
PJsi, 2 Jcij 

(fi(x,u,v) + Kid(x) Sl u)w dx. (2.20) 



10 



J.Giacomoni, J. Hernandez and P. Sauvy 



Since the operator u h-> — A p u + K\d(x) Sl u is monotone in W 1,p (£2i), applying 
the weak comparison principle we get 

u < u\ <u a.e. in Q.\ . 

Using the same arguments as above, we prove the existence of v\ G W 1,9 (£2i) 
satisfying v < v\ <v a.e. in D,\ . Now, let us fix n G N* and suppose that for all 
k < n, (P fe ) has a solution G W 1,p (£2 fc ) x W 1 ' 9 ^) satisfying (2.19). 

The existence of positive solutions of (P^-i-i), (u n +i, v n+ \) G W 1,p (£2 n+ i) x 
W'^fln+i) satisfying 

w < u n +i < u and u < < U a.e. in £2 n +i, 

can be established using similar techniques as above. To prove the monotonicity 
of the sequences (£t m ) TOgN , and (w m ) m6N «, we remark that u„ G W 1,p (£l n+ i) and 
satisfies 

-A p u n + K\d{x) 5i u n < fi(x,u n -i,v n -i) + K\d(x) Si u n -i inil n+ i, (2.21) 

in the weak sense. Then, using (2.21) together with (2.18), we deduce from the 
previous inequality that, 

ApU n "T K id(x) Sl u n < fi(x,u n -i,v n ) + Kid(x) Sl u n -i infl^+i, 

in the weak sense. Hence, by estimate (2.17) and from the weak comparison prin- 
ciple applied in W 1,p (fi„ + i), we obtain 

u n < u n+i a.e. in Q. n+ i. 

Similarly, we get the existence and the behaviour of v n+ \. Then, for almost every 
we define 

u(x) = lim u n {x) and v(x) = lim v n (x). 

n— >oo n— »oo 

Moreover, using a classical local regularity result of Serrin[22], u n ,v n G (Q n ) 
for some < 7 < 1 and Vu n — > Vu and Vv n — > Vu, uniformly in any com- 

n— >oo n— >oo 

pact set iv" of £2. Thus, (u,v) G [u,Tt] x [v,v] and passing to the limit in (P„), 
(u, v) is a solution of (P) in the sense of distributions. □ 
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3 Applications 
3.1 Example 1 

In this section we focus on the following quasilinear elliptic and singular system, 

-A p u = Ki(x)u ai v bl in £1; u\qq = 0, w>0 in £1, 
-A q v = K 2 (x)v a2 u b2 in Q. ; v\ da = 0, v > in O. 



(P) 



In this problem, 

(i) The exponents cii < p — 1, a 2 < q — 1 and bi,b% ^ satisfy the subhomo- 
geneous condition 

(p-l-ai)(g-l-O2)-|6ifc|>0, (3.1) 
which is equivalent to the existence of a positive constant a > such that 
— 1 — ai) — cr|6i| >0 and a(q - 1 - a 2 ) - \ki\ > 0. (3.2) 

(ii) K\ , are two positive functions in D, satisfying 

Ki{x) = d{x)- k, Li{d{x)) and K 2 (x) = d{x)~ k2 L 2 {d{x)) in D,, (3.3) 

with < k\ < p, < k 2 < q and for i = 1,2, Li a lower perturbation in 
^ 2 ((0, L>]) (D the diameter of the domain Q.), of the form: 

V* G (0, D], Li(t) = exp fjf ^ ds ) > ( 3 - 4 ) 

withzi G tf([0,.D]) n < ^ 1 ((0,D]) and jsj(0) =0. 
Remark 3.1. a. Let us notice that (3.4) implies that 

Ve > 0, lim t~ e LAt) = +00 and lim fLAt) = 0. (3.5) 

b. Definition (3.4) also implies that 

l im t JM =0 and Iim *^ = _i. 

t->o+ Lj(t) t^o+ L\{t) 

c. If L\,L 2 are two functions satisfying (3.4), then for any a,/3 Gl, the 
function L\ a .L 2 ^ also satisfies (3.4). 



12 



J.Giacomoni, J. Hernandez and P. Sauvy 



d. Such functions L\, L 2 denned as above belong to the Karamata Class 
[17]. 

Example 3.2. Let m £ N* and A » D large enough. Let us define 

Vfce ((>,£>], L«(t) = JI (log 

71=1 ^ 

def 

where, log n = log o ■ • • o log (n times) and [i n > 0. Then Li satisfies (3.4). 

In our study, 61 7^ and b 2 7^ 0. In the case where b\ > and b 2 > 0, the ex- 
pression of the right-hand sides of the two coupled equations in system (P) define 
a cooperative interaction between the two components (species) u and v: 

(K 1 (x)u ai v hl ^ = hK 1 (x)u ai v bl - 1 > 0, (3.6) 

^ (K 2 {x)v a2 u b ^j = b 2 K 2 {x)v a i U b2 - 1 > 0. (3.7) 

In the case where b\ < and b 2 < 0, both partial derivative in (3.6) and (3.7) are 
negative and the expression of the right-hand sides of the two coupled equations 
of (P) defines a competitive interaction between u and v. 

First, we discuss the existence of positive weak solutions pairs to problem (P). 
For that, regarding Theorem 2.1, we take 

fi(x,u,v) = Ki(x)u ai v bl , f 2 (x,u,v) = K 2 (x)v a2 u b2 

and construct suitable sub and supersolutions pairs of (P) in Wq P (Q.) x wl ) ' q (D.). 

Then, in the cases where (P) is either competitive or cooperative, we investi- 
gate the uniqueness of such positive weak solutions pairs. For that, it is essential 
that the mappings T\ o T 2 and T 2 o T\ (where T\ and T 2 are defined in (1.1)) is 
subhomogeneous , which is equivalent to condition (3.1). 

Preliminary results 

Let 1 < r < 00, 5 < r — 1 and K : x 1 — > d(x)~ k L{d(x)) , with < k < r and 
L a perturbation function satisfying (3.4). In view of constructing suitable pairs of 
sub and supersolutions to (P), we first introduce the following problem: 

-A r w = K(x)w s in SI; w\ d & =0, w > in SI. (3.8) 
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Theorem 3.3. Under the above hypothesis, we have: 

(i) If k — 1 < S < r — 1, problem (3.8) has a unique positive weak solution 
tp £ WQ ,r (£2) that satisfies the following estimate: 

ij)(x) ~ d(x) in D,. (3.9) 

In addition, we have if) 6 < ^ 1,Q (£2), /or some < a < 1. 

(ii) T/'J = /c — 1, problem (3.8) a unique positive weak solution ip 6 WQ ,r (£2) 
f/iaf satisfies the following estimate: 

%j)(x) ~ d(ar) f / L(t)r l dt ) inO. (3.10) 

/n addition, we have ip 6 (IT), /or some < a < 1. 

(iii) ^jffc — 2+^j- < 5 < k — I, problem (3.8) has a unique positive weak solution 
if) £ WQ ,r (£2) that satisfies the following estimate: 

il){x) ~ d(x)^^L(d{x))^s in£l. (3.11) 
/n addition, we have ip £ < ^ ,0 ' ,:t (IT), /or some < a < 1. 

(iv) If 5 < fe — 2 + problem (3.8) /ias af /easf owe positive weak solution 
ip £ W^(Q) fl (^) f/iflf satisfies the following estimate: 

ip{x) ^ d(x)^^L(d(x))^ zr s i n a. (3.12) 
Proo/ See Lemma 3.3 in Giacomoni, Maagli, Sauvy[9]. □ 
Remark 3.4. In (iv) above, it can be proved that V 7 > (T ~l ] ^zl~ 5) , ^ e w~i' r (£2). 

We give now a weak comparison principle used to establish the uniqueness of a 
positive weak solutions pair of (P). 

Theorem 3.5. Let K : D. — >■ IR+ be a Lj oc (£2) function and 5 < r — 1. Assume 
u,v 6 Wq T (D.) fl L°°(n) are fwo locally uniformly positive functions satisfying 
the sub and supersolution inequalities: 

—A r u<K(x)u s and — A r v > K(x)v s in Q., (3.13) 

in the sense of distributions (i.e. Radon measures) in W _1,r (fl). Then 
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(i) If 5 < 0, inequality u < v holds a.e. in £1. 

(ii) If 5 > and if we suppose in addition that there exist C\ , Ci > and a 
locally uniformly positive function wo G L°°(n) such that C\Wq < u, v < 
C2W0 a.e. in Q. and 

K(x)w 5+l dx < +00, (3.14) 



£1 



inequality u < v holds a.e. in Q.. 

To prove this theorem, we use the well-known inequality in Lemma 3.6 and the 
Dfaz-Saa inequality (see Di'az-Saa[6]). 



Lemma 3.6. There exists a constant C r > such that, for all x, y G 

\x\ r -\y\ r -r\x\ r - 2 x.(3,-x)>{ „ \x - 



DiV 



(\x\ + \y\) 2 r 



Proof. See Lemma 4.2 in LlNDQVlST [20]. 



Proof, (of Theorem 3.5) 

(i) If 5 < 0, we wish to prove that the function w = (u — v) + satisfies w = 
a.e. in D,. First notice that < w G WQ' r (f2). Applying the duality between 
W^^il) and W _1,r '(£2), respectively, to u; and the the difference 

-A r u + A r v < if (ar) (u 5 - v s ^j 

def 

which is < on the set D. + — {x G Q, tf(x) > 0}, we obtain 



f (ivur _2 vu - iv«r _2 vu) .(v« - v«) dx 

JSI+ 

= [ (|V«r _2 Vu - |V«| r - 2 Vu) .Vwdz < 0. 



This forces Vw = a.e. in Q. + and, consequently, also in Q.. Since w G 
W ( 
Q. 



WQ ,r (£2), we conclude that w = a.e. in £2 as claimed, that is, u < v a.e. in 



(ii) If < 5 < r—1, following some ideas in Lindquist[20] (see also DrAbek- 
Hernandez[7]), we use the Dfaz-Saa inequality. 
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More precisely, for e > 0, we set u £ = u + e and v £ = v + e in D, and we 
define 



def M £ - «e , , def V £ ' - U e ' 

and if) = 



r-l 



r-l 



in Q.. 



Then, ^ g L°°(£l) and <f>, if) e ^/(Q.) with 



Vcf) 



1 + (r- 1) 



Vm — r 



r-l 



in a, (3.15) 



l + (r-l) ( ^ 



Vw — r 



r-l 



Vu in£l. (3.16) 



def 

Setting f2 + = {i e fl, u(:r) > v(x)}, we have that </> > and if) < in 



£2 + and 



/ \Vu\ r ~ 2 Vu.V(f)dx < / K{x)u s <f)dx < +oo, 

/ |Vv| r " 2 Vi;.VV'da; < / K{x)v s ipdx < +oo. 
Using equalities (3.15) and (3.16) and the fact that 



| V In tt e | = and |Vlnv £ | = in £2, 



(3.17) 



we get 



\X7 u \ r ~ 2 \7u.V(f)dx 



\X7v\ r ~ 2 X7v.\7il)dx 



■■ [ (u/-v/)(\Vhiu e \ r -\V)nv £ \ r )dx 

JQ.+ 

/ rv £ r \X7 'lnu £ \ r ~ 2 ; (V 'lnu e ) . (Vlnv 6 - Vlnu £ ) da; 
/ ra £ r |Vlnu £ | r_2 (Vln?; £ ). (Vlnii £ - Vlnv £ ) dx. 
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a. If r > 2, from Lemma 3.6, it follows that 

IV7„.|r— 2y 



/ iv«r 


-1 T—l 


/£!+ 




>/ 




+/ 


r 

V e 


+/ 


r 






= (J r 


f 



0(|VInu £ | r - \Vlnv e \ r )dx 



Vlnv £ \ r ) dx 



1 1 \ , 

1 dx. 

b. If 1 < r < 2, Lemma 3.6 entails 

f \Vu\ r - 2 Vu.V4>dx+ [ |V«| r_2 V«.V^ dx 

>C [ \Ue^Ve -Ve^U £ \ 2 f 1 1 

" r Ja + {u E \Vv £ \ + v 6 \Vu £ \) 2 - r \u £ r v £ 
In the right-hand side, we get 

K{x) (u s <j) + v s i?j dx = 



K(x) 



8 / \ r— 1 8 / \ r— 1 



Then, since — — ► 1, — )■ 1 as e — s> + a.e. in £2, we get from (3.14) and 

Lebesgue's Theorem that 



lim 



K(x) (u & (j) + v & ip\ dx < 0. 



By Fatou's Lemma and using the above estimates, we obtain in the both cases 
that \uSJv — vVu\ = a.e. in £2 + , from which we get that on each connected 
component set uj of D.+, there exists k > such that u = kv a.e. in ui. From 
sub an supersolution inequalities (3.13) we have, 

k r I K(x)v 5+1 dx <k r I \Vv\ r dx= f \Vu\ r dx 

J UJ J UJ J UJ 

< I K{x)u 5+1 dx = k 5+1 f K(x)v s+l dx. (3.18) 

J UJ J UJ 
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Hence, k < 1 which implies that u < v a.e. in £l + and from the definition of 
D, + , u < v a.e. in D,. 



Main results 

Theorem 3.7. Assume that the exponents a\ < p — 1, a% < q — 1 and b\ , 62 7^ 
in problem (P) satisfy the hypothesis (3.1). 

(i) Sef 

g — 1 — (22 p— 1 — ai 

a i = 7 ; r; ; ; — r~r> a z ~ 



(p 


- l-ai)(g-l 


- 02) 


- 61 b 2 




61 






(p 


- l-ai)(g-l 


- a 2 ) 


- b\bi 


(p- 


ki)(q - 1 - a 2 ) 


+ (?- 


- k 2 )bi 


(p- 


- l_oi)(g-l - 


- a 2 ) - 


- 6162 



7i = -? 1 r? i n — n - ) 72 



(p- 


l-oi)(g- 1 - 

&2 


02) - 


■ 6162' 


(p- 


1 -oi)(g- 1 - 


02) - 


6162' 


(9- 


fo)(p — 1 — 01) 


+ (P- 


-h)b2 


(p- 


- l-oi)(g- 1 ■ 


- a 2 ) 


- bib 2 



and assume that 

1 < 71 < 1 and 1--<72<1. (3.19) 

P q 

Then, problem (P) possesses positive solutions (u, v) G Wq P {£1) X Wq 9 (£2) 
f/iaf satisfy the following estimates: 

u(x) ~ d(xy i L l (d(x)) ai L 2 {d{x)f i in CI, (3.20) 

w(:c) ~ d(x) 72 L 2 (d(a;)) Q2 L 1 (d(x)) /32 in a. (3.21) 

/n addition, we have (u,v) G ^°' Q (O) x <if > Q (n),/or some < a < 1. 

(ii) Now assume that 

k\ — 1 < a\ + bi < p — 1 an<i k% — 1 < a2 + 62 < — 1. (3.22) 

Then, problem (P) possesses positive solutions (u,v) G Wq' p (£2) xWq 9 (£2) 
satisfy the following estimates: 

u(x) ~ anc? ~ d(a:) /'« £2. (3.23) 

/n addition, we have (u,v) G "if 1 '" (O) x "if 1 '" (Q),for some < a < 1. 
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(iii) Set 



7 = 



p — k\ + &i 
p — 1 - a\ 



and assume that 



1 < 7 < 1 

P 



and k% — \ < a 2 + b 2 J < q — 1. 



(3.24) 



Then, problem (P) possesses positive solutions (u,v) G W ' p (£2) xW ' 9 (£2) 
f/iflf satisfy the following estimates: 



u{x) ~ (i(a;) 7 I, 1 (d(a;))p- 1 - tl i W v(:c) ~ in £2. (3.25) 

/n addition, we have (u,v) G ^°' Q (£2) x <af 1 ' Q (£2), /or some < a < 1. 

(iv) Symmetrically to part ( iii) above, set 



Then, problem (P) possesses positive solutions (u, v) G W ' p (£2) x W Q ' 9 (£2) 
that satisfy the following estimates: 



u(x) ~ d{x) and v{x) ~ d(x) 7 L 2 (d(x))«- 1 -»2 i« £2. (3.27) 
/» addition, we have (u,v) G < ?f 1 ' Q (£2) x < ^ , °' Q {Q), for some < a < 1. 

Theorem 3.8. Let a\ < p — 1, a%< q — 1 a«J 61, &2 7^ satisfying the subhomo- 
geneity hypothesis (3.1). Assume that (P) is either a competitive or a cooperative 
system, i.e. bib 2 > 0. Tftew, eac/i solution provided by Theorem 3.7 is unique. 

The cooperative case is further analysed in the following result: 



7 = 



q- k 2 + b 2 
q - 1 - a 2 



and assume that 



k\ — 1 < a\ + £>i7 < f> — 1 awe? 1 < 7 < 1. 

q 



(3.26) 



Theorem 3.9. Lef us suppose that the exponents ai < p — 1, a% < q — 1 and 
&lj&2 7^ satisfy the subhomogeneity hypothesis (3.1). Moreover, assume that 
(P) is a cooperative system, i.e., b\ > and b 2 > 0. 
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(i) Set 

(p - kj)(q - I - a 2 ) + (g - k 2 )bi 

^ = ~i i T7 i \ n~ > (3.28) 

(jp - 1 - ai)(q - 1 - a 2 ) - b x b 2 

{q-k 2 ){p- 1 -ai) + (p-h)b 2 
(p - 1 - a x ){q - 1 - a 2 ) - bib 2 

and assume that one of the three following conditions are satisfied: 

< 7i < 1 - - and < 72 < 1 - -, (3.30) 

P (1 

1 - - < 71 < 1 and < 72 < 1 - -, (3.31) 

p q 

0< 71 < 1 - - and 1 - - < 72 < 1. (3.32) 

p q 

Then, problem (P) admits positive solutions (u, v) £ W^^fl) x W^^fl) in 
the sense of distributions satisfying the estimates (3.20) and (3.21). 

(ii) Set 

p-h+bi 

7 = ; (3-33) 

p - 1 - a\ 

and assume that 

0<7<1-- and k% - 1 < a 2 + 627 < q - 1- (3.34) 
P 

Then, problem (P) nevertheless admits positive solutions (u, v) £ w'^(il) x 
Wg' 9 (£2) in the sense of distributions satisfying the estimates (3.20) and (3.21). 



(iii) Symmetrically to part ( ii) above, set 



q-k 2 + b 2 

7 = ; (3-35) 

q - 1 - a 2 



and assume that 



fci - 1 < ai + 617 <p- 1 and < 7 < 1 - -. (3.36) 

q 

Then, problem (P) possesses positive solutions (w, v) £ Wq' p (£2) x W^^fl) 
in the sense of distributions that satisfies the estimates given in (3.27). 

The next result deals with some limiting cases: 
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Theorem 3.10. Assume that the exponents ai < p — l,a 2 < q — 1 and b\, b 2 7^ 
satisfy the subhomogeneity hypothesis (3.1). 

(i) Assume that 

fli + b\ = ki — 1 and k 2 — I < a 2 + b 2 < q — 1. (3.37) 

TTien, /or all s > small enough, there exist C\,C 2 > anc/ CJ , > such 
that problem (P) possesses positive solutions (u,v) £ Wq ,p (£2) x Wq ,9 (£2) 
that satisfy the following estimates: 

C\d{x) <u< C 2 d(x) l - £ andC[d(x) < v < C' 2 d(x) x ~ £a in £2, (3.38) 

where a > is given in (3.2). In addition, we have (u, v) £ < r^ 0,Q f£2) x 
^°' Q (D), for some < a < I. 

(ii) Symmetrically, assume that 

0-2 + &2 = ^2 — 1 fci — 1 < ai + 61 < g — 1. (3.39) 

Then, for all e > j«wl( enough, there exist C\ , C2 > awe? C[ , > smc/i 
that problem (P) possesses positive solutions (u,v) £ Wq P (£2) x Wq 9 (£2) 
f/iaf satisfy the following estimates: 

C\d(x) <u< C 2 d{x) l - £ and C[d{x) <v< C' 2 d{x) l - £(7 in £2. (3.40) 

In addition, we have (u,v) £ tf°' a (£2) x (£2), /or some < a < 1. 

(iii) Let us abbreviate 

p -ky+by 

7 = ; 

p- 1 - a\ 

and assume that 

1 <7<1 and a 2 + b 2 j = k 2 - 1. (3.41) 

77ien, for all e > sma// enough, there exist C\,C 2 > awcf C[ , C' 2 > smc/i 
that problem (P) possesses positive solutions (u,v) £ Wq ,p (£2) x Wq' 9 (£2) 
that satisfy the following estimates in £2: 

C*i(i(a:) 7+e < u < C 2 d(.x) 7 - £ and C{d(a:) < v < C 2 d{x) x - eo '. (3.42) 

/« addition, we have (u,v) £ "if '" (£2) x "if '" (D), for some < a < 1. 
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(iv) Symmetrically, let us abbreviate 



7 = 



q - k 2 + b 2 
q - 1 - a 2 



and assume that 



a\ + &i7 



k 2 — 1 and 1 < 7 < 1. 

q 



(3.43) 



Then, for all e > small enough, there exist C\ , C 2 > and C[,C 2 > such 
that problem (P) possesses positive solutions (u,v) G Wq' p (Q) x Wg' q (D.) 
that satisfy the following estimates in D.: 

Cid(x) <u< C 2 d(xy- £ and C[d(xy +£a <v< C' 2 d(xy- £a . (3.44) 

In addition, we have (u,v) G tf Q ' a (O) x tf°' a (Q.),for some < a < 1. 

Proof of Theorem 3.7 

Thanks to Theorem 3.3, we apply Theorem 2.1 with a suitable choice of sub and 
supersolutions pairs (u,v), (u,v) G Wq' p (£2) x W q ' in the following form: 

u = mip\ and u = m~ 1 ^i in Q, 

u = m' J ip 2 and u = ■m~ IJ ip 2 in £2, 

where a > is given in (3.2), < m < 1 is an appropriate constant small enough 
and ipi G Wq' p (£2), ^2 G Wq 9 (£1) are given by Theorem 3.3 as the respective 
unique solutions of problems 

-h p w = d{x)~ ki d{d{x))w 5i inO; w\ dQ . = 0, w > in H, (3.45) 

-A 9 io = d(x)" fe2 £ 2 (d(x))u;' 52 in D.; w\ d£l = 0, u> > in £2, (3.46) 

satisfying some cone conditions we specify below. In the following alternatives, 
we choose suitable perturbations C\,C 2 as in (3.4) and suitable values of expo- 
nents ki - 2 + ^ff < h < p - 1 and fc 2 - 2 + ^fp < <5 2 < <j - 1 in order to 



-Apipi ~ K l (x)ipi ai tp 2 bl and - A 9 V>2 ~ K 2 (x)i/j 2 a2 '4>i b2 inQ., (3.47) 
which provide us the inequalities (1.7) to (1.10) in order to apply Theorem 2.1. 



satisfy 
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Alternative 1: We look for positive solutions (u, v) G W l ' p (D.) x W l ' q (D.) to 
(P) by making the "Ansatz" that 

u(x) ~ d(a;)'' 1 J L 1 ((i(a;)) Ql Z 2 (d(a;)) /31 in D., 

v{x) ~ d(x) 72 L 2 (ci(x)) Q2 Li in £2, 

for some 71 £ (1 — -, 1), 72 G (1 — -, 1) andai,a2,/?i,/32 G For that, we take 
in (3.45) and (3.46) P 

h-2 + -^—^ < Si < and k 2 -2+ ^— i < 5 2 < - 1, (3.48) 

p-1 «7- 1 

£i=Zi Al .L 2 Ml and C 2 = L 2 X - .L^ 1 inn, 

where Ai, A2, Mb M2 G K are suitable exponents we fix later. By Theorem 3.3, 
V>i G W ' p (£2), ^2 G W ' 9 (il) and satisfy 

ipl(x) ~ d(x)^^L 1 (d(x))^^Z 2 (d(a;))^ ri T infl, (3.49) 

9-^2 



V>2(a>) ~ d{x)t- l -^L2{d{x)Y- l - li 2Lx{d{x))^ 



in n. 



(3.50) 



In view of satisfying estimates given in (3.47), the comparison of the term — A p ipi 
with Ki(x)'ipi ai il'2 b[ on one side, and the term —A q ip2 with K2(x)ip2 a2 ipi b2 on the 
other side, imposes the exponents Ai, ^2,^1, M2 an d #1, #2 to satisfy the following 
system: 

f t^z^^V =a l z £ ^V+6 1 ^ 2 - 



lp-l-<5 1 

%-l-<5 2 

\ p-1 

P-1 



« 2 



g-l-(5 2 > 



q—k 



fc + ^2 



P-fcj 



x ^— + b l —^- 



1 +ai 



p-i-a, 



M15 

I ^ 2 g-l-<5 2 



1 p-l-5i 
(-1 



I+62- 
«1 

J>2 



p-l-5i T a2 g-l-5 2 ' 

£l L h 



g-l-<5 2 ' 
A, 



L p-l-5i 
A, 



-p-l-5i 



"2 



1 q-l-5 2 ' 
I' 2 



q-l-62 ' 



Then, we get 



12 



p-h _ (p - ki)(q - 1 - 02) + (9 - fc 2 )6i 



p - 1 - <5i - ai)(g - 1 - a 2 ) - 61&2 

q-k 2 _ (q - k 2 ){p - I - + (p - ki)b 2 



q - 1 - 5 2 



(p-1 - Oi)(g - 1 - a 2 ) - &1&2 



(3.51) 



(3.52) 
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n 

tr 


- 1 - 


Si 


(p- 


i 


— <2l )(o — 


1 - ci2) 


— 61 62 




A 2 








p-1 


- ai 




q 


- 1 - 




(p- 


i 


-ai)(q- 


1 -a 2 ) 


- bi b 2 




Mi 








&i 






p 


- 1 - 




(p- 


i 


- ai)(? - 


1 - a 2 ) 


- bi b 2 




M2 








6i 






<i 


- 1 - 


h 


(p- 


i 


-ai)(g- 


1 - o 2 ) 


- &1&2 



Ai q-l-a 2 

CL\ = — = r- r — — , (3.53) 



(3.54) 

# = T^T" = 7 i TT^ \ — tt-) (3-55) 

p — 1 — Oi (p — 1 — ai)(g — 1 — 02) — O1O2 

^ 2 = T^T = 7 i u^l T^V' (3 ' 56) 

g - 1 - 2 - ai)(g - 1 - a 2 ) - b\b 2 

which imply estimate (3.47). Moreover, inequalities (3.19) are then equivalent to 
inequalities (3.48). Let (u,v) £ [u,u] x [v,v]. On one hand, we have 

—A p u < m p - l C l L l (d{x)) Xl+s ^L 2 {d{x)) fll+Sl < 3l d(x) Sni - kl in ft, 

-A q v < m^ q -^C[L 2 (d(x))^ +S2a2 L 1 (d(x))^ +S ^ 2 d(x) S ^ 2 - k2 infl. 
On the other hand, 

K^x^v 1 " > C 2 m ai+,T ^A l (d(x))d(x) ai ' ri+bl ~' 2 - k < in ft 

withAi = L l l + a ^+ b ^ 2 .L 2 a ^+ b '°' 2 . Similarly, 

K 2 (x)v a2 u b2 > C 2 \m aa2+ ^A 2 (d(x))d(x) a2 ~ (2+b2 ' (i - k2 inCl, 

with A 2 = L 2 l+a2a2+b2/Bl .L l a2/B2+b2ai . Then, under condition (3.2) and thanks to 
(3.51) to (3.56), (u, v) is a subsolutions pair of problem (P), for m small enough. 
Next, 

-Apu > m l - p C 3 L l (d(x)) Xl+5 ^L 2 (d(x)) fll+Sl/5l d(x) Sni - kl in £2, 

-A q v > m <J ( 1 - 9) C^L 2 (d(a;)) A2+52Q2 ii(d(a;)) A '' 2+52/32 d(a;) 5272 " fe2 inQ. 
Furthermore, 

K^x^v^ < C 4 m- ai - a ^A l (d(x))d(x) ani+bn2 - kl in£L 

Similarly, 

K 2 {x)lf 2 u b2 < C' 4 m- aa2 -^A 2 (d(x))d(x) a2 ^ 2+b2 ^- k2 in ft. 

Then under (3.2) and thanks to (3.51) to (3.56), (u,v) is a supersolutions pair of 
problem (P), for m small enough. Therefore estimates (1.7) to (1.10) hold. Let 
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us check that conditions (2.1) to (2.5) of Theorem 2.1 are satisfied. By estimates 
(3.49) and (3.50) and using the properties of the perturbations L\ and L 2 given in 
point (a) and (c) of Remark 3.1, for all e > there exist positive constants C\ , C 2 
and C[ , O, such that 

Cid( x y i < u,u< C 2 d{x) li - e and C[d{x) 12 < v,v< C^d{xy 2 ~ e in a. 
In addition, using (3.51) to (3.56), there exist positive constants k\ , k 2 such that 

\f l (x,u,v)\= K l {x)u ai v bl < K 1 d(x) s ™- kl - £ infix C, 
\f 2 (x,u,v)\ = K 2 (x)v a2 u b2 < K 2 d(x) 52 ^-- k2 - £ in £2 x C 

and 

ai\Ki(x)u ai - l v bi < Kl d(xf ni - k '- £) -^ infi x C, 

a 2 \K 2 (x)v a2 - l u b2 < K 2 rf(a;) (5272 " fc2 " e) " 72 in fi x C. 

Since 71 G (1 — -, 1) and 72 G (1 — |, 1), inequalities (2.5) hold for e small 
enough. Then, applying Theorem 2.1 we conclude about the existence of positive 
solutions to (P) in Wq' p (Q) x W l ' q (Q.) satisfying the estimates (3.20) and (3.21). 

Finally, using Theorem A.l, we get that any positive weak solutions pair to (P) in 
the conical shell C belongs to ( tf°' a (O) x %f°' Q (O), for some < a < 1. This 
proves (i) of Theorem 3.7. 

Alternative 2: In this part, we look for positive solutions (u,v) G Wg P (n) x 
Wq 9 (£1) by making the "Ansatz" that both function u and v behave like the dis- 
tance function d(x) for x G £2 near the boundary 9£2. For that, similarly as in 
Alternative 1, we take in (3.45) and (3.46) 

fci - 1 < St < p - 1 and k 2 - 1 < <5 2 < q - 1, (3.57) 

£1 = Zi and £ 2 = L 2 in £2. 
By Theorem 3.3, Vi G W, 1 ,'^), V2 G Wq' 9 (^) and satisfy 

i/>i(x) ~ and ^(ar) ~ d(x) in £2. 

In view of satisfying estimates given in (3.47), we fix S\ and 5 2 as follows: 

Si — a\ + b\ and <5 2 = a 2 + 6 2 . (3.58) 



dfi ( 



^( W ) 
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Then, (3.47) holds and inequalities given in (3.57) entail (3.22). The rest of the 
proof is as in Alternative 1. This proves (ii) of Theorem 3.7. 

Alternative 3: Now we combine our methods from Alternative 1 and Alternative 
2. We search for positive solutions (u, v) G Wq p (f2) x W l Q ' q (D.) to problem (P) 
by again making the "Ansatz" that 

u{x) ~ d{xyL l {d{x)) a L 2 {d{x)f in £2, 

for some 7 G (1 — ^ 1) and a, f3 GM, and v behave like the distance function in 
CI. For that, we take in (3.45) and (3.46) 

fcl - 2 + -J— < *i < fci — 1 and k 2 - 1 < <5 2 < q - 1, (3.59) 

£1 = Li Al .V and £ 2 = L 2 X \L^ 2 inO, 

where Ai, A 2 , Mi> M2 6 K are suitable exponents to be fixed. By Theorem 3.3, 
V>i G Wq' p (£2), ?/>2 G Wg' 9 (il) and satisfy 

^i(x) ~ d(x) p - 1 - ,5 iLi(d(j;)) p - 1 - 5 iI/2(rf(^)) p " 1 "' 51 and ^2(2;) ~ in H. 
In view of (3.47), the exponents have to satisfy 

' fij*^ = a 15 ^ + 6i, 5 2 = 6 2 ^ + a 2 , 
< = ay^ + l, A 2 = fc^ + l, 

. Mi^ 2 ^ = ai ?=T^V ^2 = &2^zt^7- 

Hence we obtain 

~ = -Pz* = P^h+bl and S = a +b P-fc.+b. 
' p— 1 — 0] p — 1 — a 1 z z z p — 1— aj ' 

a = -4t = — r-r and /3 = — f-^ = 0. 

The rest of the proof is as in Alternative 1. This proves (iii) of Theorem 3.7 and 
(iv) is the corresponding symmetric case of (iii). □ 

Proof of Theorem 3.8 

To prove uniqueness of solutions, we apply a classical argument of Kransnosel- 
SKII [18]. Let (u,v), (u,v) G Wq' p (^) x Wo' 9 (£1), be two distinct positive weak 
solutions pairs to problem (P) in the conical shell C = [u, u] x [v, v], where (u, v), 
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(u, v) are given in the proof of Theorem 3.7. This means that T(u 7 v) = (u,v) 
and T(u,v) = (u,v), which implies that, Ti o T2(u) = u, T2 o Ti(v) = v and 
T\ o T2(u) =u,T\o T2(v) = v, respectively. Let us define 

C max = sup{C G M+, Cu < u and Cv < v a.e. in Q.}. (3.60) 



Ti oT 2 (CWi) = (ajH^-.-i-sr, oT 2 (u) = (C max ) p -'-">''- 



T 2 oT 1 (C mia v) = {C m ^)^-^p-^T 2 oT l {v) = ((y«-'-2>'-iii. 

Therefore, by Theorem 3.5, both mappings T\ o T2 and T2 o Ti being (pointwise) 
order-preserving, we arrive at 



u = ^ oT 2 (u) > T l0 T 2 (C max u) = (C max ) ''-'-"2 5, (3.61) 



v = T 2 oT l {v) > T 2 oT l (C m - dx v) = (C max )<-'-"2>-i- iv. (3.62) 

From < C max < 1 combined with the subhomogeneity condition (3.1) we de- 
duce that 

, def 61 . bl 

^max = (Cmax) p_1_t ' 1 9_1_a 2 > C max , 

which contradicts the maximality of the constant C max in (3.60), by inequalities 
(3.61) and (3.62). Then, C max > 1 which entails u < u and v < v a.e. in £2. 
Interchanging the roles of (u, v) and (u,v), we finally get (u, v) = (u,v) a.e. in 
£2. □ 

Proof of Theorem 3.9 The proof is very similar to the proof of Theorem 3.7. 
So we omit it. □ 

Proof of Theorem 3.10 

Alternative 1: Assume that a\+b\ = k\ — 1 and hi — 1 < a 2 + 62 < Q — 1- We 
look for positive sub and supersolutions pairs (u, v) , (u, v) in the form: 

u = mipi and u = m~ l (ipi !P ) l ~ £ in £2, 

v_=ra a '^2 and v = m~ a (Lp\ A Y~ ae in £2, 

where a > is given by (3.2), e < 1 and m < 1 are appropriate positive constants 
small enough and £ Wq' p (£2) and ^2 G W ' g (£2) are the respective solutions to 

—A p w = K l (x)w Sl in £2; if |an = 0, iu > in £2, 
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— A q w = K 2 (x)w &2 in Q.; w\qq. = 0, w > in £2, 

with fci — 1 < 5\ < p — 1 and a2 + &2 < 5 2 < 9 — 1- By Theorem 3.3, both tpi and 
ip2 behave like the distance function in D,. Let us remark that by estimate (1.5), 
u<u and v < v in D,, for m small enough. Now, let 1 < r < oo and 7 6 (0, 1), 
then we have 

-A r [( W , r n = f- 1 [A!, r)^" 1 ) - ( 7 - l)(r - l)((ar) (7 - 1)(r - 1M |Vpi, P | P ] 
= 7 r - 1 (^l,r)- (1 - 7)(r - 1) - 1 [Al, P (vi,r) r + (1 " 7)(r - IJIV^LrN 

in £2. By estimate (1.5), we conclude that 

-A r [{ Vltr {x)y}^d(x)-^-' f)ir - l) - 1 in £2. (3.63) 
So, let (u, v) 6 [u, «] x [w, w]. On one hand, we have 

-A p u<m p - [ CiKi(x)d(x) Sl and - A q v < m q - 1 C[K 2 {x)d{xf 2 in£2. 
On the other hand, we also have 

m ai+(Tbl Ki(x)tpi ai ip2 bl if 61 > 0, 

m "i-<*iK 1 (x)iln ai (<pi )q ) bl ( 1 - eff ') if bi <0, 



K l {x)u ai v bl > 



> m ai+a ^C 2 K l (x)d(x) kl - l+£ab i in £2, 
in £2. Similarly, we get 

K 2 (x)v a2 u b2 > m' ja2+ ^C! i K 2 {x)d(x) a2+b2+£b 2 in £2. 

Then, for m and e small enough, (u, w) is a subsolutions pair of problem (P). 
Similarly, using estimate (3.63), we obtain 

-A p u > m l - p C 3 d(x)- l - e{p - l) and - AgU > m ff ( 1 -«>C;d(:c) _1_eff(,_1) in £2. 
Furthermore, by (3.5), for any e' > 0, there exists C4 = C^e') > such that 

r m -(^b l ) K[ ^^ [p ^ l (i-e)^ i ^ bl{l -ea) if 6l>0 , 

[ m-( a '- £7b i)iC 1 (x)(^ l!P ) ai(1 " e V2 61 if 61 <0, 

< m- (ai+a l bl l ) C 4 d(a;)- 1 - e(ai+ < ) - £ ' in £2, 
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Similarly, we have 

K 2 (x)v a2 U b2 < m -^ a 2 + \b2\) C ^ x yk 1+ a 2 +b 2 -e(aa 2 +b^-e' Q 

with C\ = C' 4 (e'). Then, for m, e and e' small enough, (u,v) is a supersolutions 
pair of problem (P). Applying Theorem 2.1, we get the existence of positive 
solutions (u, v) e W l Q ' p (Q) x W l ' q (Q) of (P) satisfying (3.69). This proves (i) of 
Theorem 3.10. 

Alternative 2: When k\ — 1 < a\ + b\ < q — 1 and 02 + 62 = k 2 — 1, 
interchanging the role of u and v, the proof of (ii) is the same as above. 

Alternative 3: Assume that (3.41) is satisfied. To prove (3), we follow the 
proof in Alternative 1. We construct positive sub and supersolutions pairs (u, v), 
(u,v) e Wo' p (il) x W l ' q (D.) in the form 

u = m((p\ ,p) 7+e , u = m~ l (</?i,p) 7_£ and v = m a ij), v = m~' T (ipi tq ) l ~' J£ in £2, 

where a > is given by (3.2), and e, m are appropriate positive constants small 
enough and ip G W ' q (£l) is the solution (see Theorem 3.3) of 

— A q w = K2(x)w s inQ.; w\qq=0, w>0 inQ., 

with <i2 + 762 < S < q — I. (iv) is the symmetric case of (3) by interchanging the 
role of u and v. Finally, from Theorem A.l, we get the Holder regularity of (u, v). 

□ 

3.2 Example 2 

We consider now the following singular system 

u > in Q, 
v > in Q, 

\h\)>0, (3.64) 

M)>0, (3.65) 
for some constant a > 0. Then, we have the following result: 

Theorem 3.11. 



(P) 



-A p u = u a, v bl - u a 'v^ inQ; u\ da = 0, 

-A q v = v ai -u b2 - v a2 u^- in Q ; v\ 9a = 0, 

where the above exponents satisfy 

(p — 1 — ai) — cr\b\\ > and (ot\ — a\) — 

a(q- 1 -Ci2) - I&2I > and a(a 2 - a 2 ) - ({fal ■ 
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(i) Let 

7l = P (q-\-a2)+qh ^ g(p - 1 - Oi ) + pb 2 

(p - 1 - oi)(g - 1 - a 2 ) - bib 2 ' (p - 1 - ai)(g - 1 - a 2 ) - 6162 

anc/ assume that 

1 < 71 < 1 and (a\ - 01)71 + (ft - 61)72 > 0, (3.67) 

P 

1 - - < 72 < 1 and (a 2 - a 2 )72 + (ft - 62)71 > °- ( 3 - 68 ) 
Q 

Then, problem (P) has a positive solution (it, u) 6 Wq' p (Q) x Wq'^H) 
satisfying 

u(x)~d(x) 11 and v(x) ~ d(x) 72 tnQ. (3.69) 

/w addition, we have (u,v) G ^°' Q (O) x (O) ,/or some < a < 1. 

(ii) Assume that 

-1 < ai + &i <p- 1 an<i (ai -01) + (ft -61) > 0, (3.70) 

-l<a 2 + 6 2 <9-l ^ (a 2 - a 2 ) + (ft - & 2 ) > 0. (3.71) 
TTien, (P) /ias a positive solution (it, w) 6 Wq' p (£2) x Wq' 9 (£2) satisfying 

u(x) ~ d(x) onrf w(x) ~ d(x) in Q.. (3.72) 

/n addition, we have (u,v) G <«f 1 ' a (£2) x <«f 1 ' Q (H) ,/or some < a < 1. 

(iii) Lef 

7 = ; (3-73) 

p-l-ai 

and assume that 

1--<7<1 and (aa - 01)7 + (ft - 61) > 0, (3.74) 
V 

-1 < a 2 + 627 < V - 1 («2 - ^2) + (ft - 62)7 > 0. (3.75) 

Then, (P) /ias a positive solution (u,v) G Wq' p (£2) x Wq 9 (£2) satisfying 

u(x) ~ d(x) 7 a«c/ u(x) ~ d(x) in Q. (3.76) 

/n addition, we have (u,v) G %f°' Q (fl) x "if 1 '" (fl) Jor some < a < 1. 
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(iv) Symmetrically, set 



and assume that 

-1 < ai +617 <p- 1 and (a\ - a\) + (ft - 61)7 > 0, (3.78) 
1 - - < 7 < 1 W (a 2 - a 2 )7 + (ft ~ kz) > 0. (3.79) 

q 

Then, (P) has a positive solution (u,v) G Wq' p (42) x Wq 9 (42) satisfying 

u(x) ~ awe/ ~ d(:c) 7 in 42. (3.80) 

/w addition, we have (u,v) G < ^ 1 ' Q (42) x <if > Q (42) ,/or some < a < 1. 

Proof. We apply Theorem 2.1 with 

u = mipi, u = m~ and v_ = m a ip2i v = m~ (T ip2 in 42, 

where cr > is the constant given in (3.64) and (3.65), m < 1 is a positive constant 
small enough and Vi G Wq' p (42), V2 G Wj' 9 (42) are given by Theorem 3.3 as the 
respective unique solutions of problems 

— A p w = w Sl in 42; w\ga = 0, w > in 42. 

— A q w = w Sl in 42; w \qq =0, w > in 42, 

satisfying some cone conditions we precise below. In the following Alternatives, 
we choose —2 — < #1 < p — 1 and —2 — — ^ < <5 2 < 5 — 1 such that 

-ApVi ~ ipi ai ifo bl and - A g V>2 ~ V^V^ 2 in 42. (3.81) 

Alternative 1: Assume that conditions (3.67) and (3.68) hold. Then, arguing as 
in Alternative 1 in the proof of Theorem 3.7, we choose —2 — < Si < — 1 and 

—2 — — j- < £2 < — 1 unique solutions pair of the following system: 

8\P = aip hq ^ d 8 2 q _ a 2 q b 2 p 

p — 1 — 5\ p — 1 — 81 q — 1 — 62 q — 1 — 5 2 q — 1 — 82 p — 1 — 82 

Since 

ip\(x) ~ d(x) 11 and $2 (a?) ~ d(x) 12 in 42, 



&2 



1 — «2 



(3.77) 
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where 71 = p _f_ S] and 72 = q _i_g 2 are given by (3.66), estimates (3.81) follows. 
Let (u,v) G [u,u] x [v,v]. First, we have 

-A p u < m p - 1 C 1 d(x)' 5171 and -A q v < m a(q -^ C[d{x) &212 in Q. (3.82) 

On the other hand, by (3.64) and (3.67), 

u a 'v bl -u ai v^ > m ai+ ^ bl ^i ai ilj2 bl \l -m Ql - ai - £7( l /3l l-l 6l IVi Ql " ai V'2 /31 " 61 

> m ai+<J l 6l IC 2 d(x) ai7l+fel ' ) ' 2 in a. (3.83) 
for m small enough. By (3.65) and (3.68), we also have 

v a2 u b2 - v a2 u h > m' ja2+ ^C' 2 d(x) a2 '> 2+b ^ i in £1, (3.84) 

for m small enough. Then, under conditions (3.64), (3.65), (3.67) and (3.68) and 
for m small enough, (u,v) is a subsolutions pair of problem (P). 
Similarly, we have 

-A p u > m l - p C 3 d{x) 5 ^ and -A q v > m^ 1 '^ C^xf 212 in D.. (3.85) 
In addition, 

^v bi - < m- ai -^ bl ^ l a ^ 2 bl < m- at -' T ^C 4 d(x) a ^ l+b ^ 2 (3.86) 

in £2. We obtain further 

^2^2 _ rf*t u lh < m -™2-|b2l (7 ^( a .)a272+b27. in Q ( 3-87 ) 

Then, under conditions (3.64), (3.65) and for m small enough, (u, v) is a superso- 
lutions pair of problem (P). 

Applying Theorem 2.1, we get the existence of positive solutions (u,v) G 
Wq' p (£2) x Wq' 9 (^) of (P) satisfying (3.69). Again from Theorem A.l, (u,v) 
are Holder continuous. This proves the assertion (i). 

Alternative 2: Now, assume that conditions (3.70) and (3.71) are satisfied. 
Then, we choose Si = a\ + 61 and 82 = 0,2 + 62- By Theorem 3.3, since 

ip\{x) ^ d{x) and ~ d(a;) in £2, 

estimates (3.81) hold. Instead of inequalities (3.82), we have in this case 

-A p u < m?- l C { d(x) ai+bi and - A q v < m (7{q -^ C[d{x) a2+bl - in £1. 
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From (3.64), (3.65), (3.70) and (3.71), we get for any (u, v) e [u, u] x [v, v]: 

u ai v bi - u ai v^ > m ai+a ^C2d(x) ai+bl in a, 

v a2 u b2 - v a2 u h > m aa2+ ^C' 2 d(x) a2+b2 in £2, 

for m small enough. Then, under conditions (3.64), (3.65), (3.70), (3.71) and form 
small enough, (u,v) is a subsolution pair of problem (P). Instead of inequalities 
(3.85), we have in this case in D,, 

-A p u > m l - p C 3 d(x) a,+bl and - A q v > m a{l - q 1 C' 3 d{x) a2+l > 2 . 

In addition, instead of inequalities (3.86) and (3.87), we get 

u a 'v bi -u ai v^ < m- a '- a ^C 4 d(x) ai+bl , 

v^u* 2 -v a2 u? 2 < m- aa2 -^C' 4 d(x) a2+b2 , 

in D,. Then, under conditions (3.64), (3.65) and for m small enough, (u,v) is a 
supersolution pair of problem (P). Then, we conclude as in the Alternative 1 and 
(ii) is proved. 

Alternative 3: Now, assume conditions (3.74) and (3.75) hold. Then, arguing as 



l 

unique solutions pair of the following system: 



in the proof of Theorem 3.7, we choose — 2 — - < 5\ < — 1 and — I < S2 < q — 1 



5iP aiP , L , r hp 

and 62 = 02 



p — 1 — 5\ p — 1 — <5i p — 1 — 82 

Estimates in (3.81) hold since 

tpi (x) ~ d(x) 7 and ip2(x) ~ c?(x) in D,, 

with 7 given by (3.73). Instead of inequalities (3.82), we have in this case 

-A p u<m p - l C l d(x) 5 ^ and - A q v < m a(q -^ C[d{x) &2 in a. 

From (3.64), (3.65), (3.74) and (3.75), we obtain now 

u ai v bl -u ai v^ > m ai+lT ^C 2 d(x) a ^ +bl infl, 

v a2 u b2 - v" 2 ^ 2 > m aa2+ \ b2 \C^d(x) a2+b2 ' 1 in Q., 

for m small enough. Then, under conditions (3.64), (3.65), (3.74), (3.75) and for 
m small enough, (u,v) is a subsolution pair of problem (P). Instead of (3.85), we 
have 

-A p u > m l - p C 3 d(x) Sl ~ f and - A p v > m^ 1 '^ C' 3 d{x) &2 in£L 
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And inequalities (3.86) are replaced by 

u a 'v bi -U^v? 1 < m- ai - a ^C 4 d(x) aa+bl in £1, 

V a 2u b 2 _ ^ 2u ft < m -aa 2 -\b 2 \ c ^ x y. 2 +b 2l Q 

Then, under conditions (3.64), (3.65) and for m small enough, (u,v) is a super- 
solution pair of problem (P). We conclude as in the Alternative 1. Thus, (hi) is 
proved. Note that (iv) is the symmetric case of (iii) by interchanging u and v. n 

We can further prove similarly (we omit the proof): 

Theorem 3.12. Assume that conditions (3.64) and (3.65) are satisfied. 

(i) Assume that 

ai+6i = -l and (a-i - a\) + (/3i - b\) > 0, (3.88) 

-\<a 2 + b 2 <q-\ and (a 2 - a 2 ) + (f3 2 - b 2 ) > 0. (3.89) 

Then, for all e > small enough, there exist Ci,C 2 > and C[,C' 2 > such 
that (P) admits positive solutions (u,v) 6 Wq' p (£2) x Wg' q (D.) satisfying: 

C\d(x) <u< C 2 d(x) l - £ andC[d(x) < v < C 2 d(x) l ~ £a in Q, (3.90) 

with a > is given in (3.2). In addition, we have (u,v) 6 ^ 0,Q (O) x 
^°' Q (Q), for some < a < I. 

(ii) Symmetrically, assume that 

-1 < ai +6i < g- 1 anc? (ai - ai) + (A - &i) > 0, (3.91) 

a 2 + 6 2 = -l W (a 2 - a 2 ) + (/3 2 - b 2 ) > 0. (3.92) 

77?en, /or all e > small enough, there exist C\,C 2 > and C[,C' 2 > such 
that (P) admits positive solutions (u,v) 6 Wq' p (£2) x Wg' q (D.) satisfying: 

C x d{x) <u< C 2 d(x) l ~ £ andC[d(x) <v< C' 2 d(x) l - £a in Q.. (3.93) 

In addition, we have (u,v) G ^ Q ' a (Q.) x <f? ' a (Q),for some < a < 1. 

(iii) Lef 

P + b\ 

7 = ; 

p - 1 - ai 

anc? assume that 

1--<7<1 and (ai - 01)7 + (£1 - 61) > 0, (3.94) 
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a 2 + b 2 j = — 1 and (a 2 — 02) + (p2 — 62)7 > 0. (3.95) 

Then, for all £ > small enough, there exist C\ , C2 > and C[,C' 2 > such 
that (P) admits positive solutions (u,v) 6 Wq ,p (£2) x Wq' 9 (£2) satisfying: 

Cid(xy +e <u< C 2 d(xy- £ and C[d(x) <v< C' z d{x) l - ea in Q.. (3.96) 

In addition, we have (u,v) £ (O) x ^ a (O), for some < a < 1. 
(iv) Symmetrically, let 

q + b 2 

7 = ; 

q-l-a 2 

and assume that 

ai + &i7 = -l and (ai - ai) + (^1 - 61)7 > 0, (3.97) 
1 - - < 7 < 1 W (a 2 - a 2 )7 + (A> - 62) > 0. (3.98) 

q 

Then, for all £ > sma/Z enough, there exist C\,C 2 > and C[,C' 2 > such 
that (P) admits positive solutions (u,v) 6 Wq P (£2) x Wq' 9 (£2) satisfying: 

Cid(x) <u< C 2 d(xy- £ and C[d{xY' +ecT < v < C'^x) 1 -^ in £1. (3.99) 

In addition, we have (u,v) £ < ^ 7 °' Q (O) x ^°' a (Q), for some < a < 1. 

3.3 Example 3 

In this section, we consider the following singular competition system 




-A p u = Xiu ai - it A - mu a ^v bl in £2; u\ aa = 0, u>0 inH, 
-A 9 v = A 2 w Q2 - w & - ix 2 v a2 u b2 in ; =0, w > in £1, 



where Ai , A 2 and /xi , /i 2 are positive and ai, a 2 , /3i, (3 2 , en, a 2 , bi , b 2 satisfy 



—2 <ot\<p — 1, «i < /?i and ai — ai — cH&i I > 0, (3.100) 

P- 1 



—2 < a 2 < q — I, a 2 < j3 2 and a(a 2 — a 2 ) — \b 2 \ > 0, (3.101) 



for some constant a > 0. Then, we have 
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Theorem 3.13. (i) Assume that 

-2—L-<ay<-\ and ^ ~ a ^ + b * > 0, (3.102) 
p — 1 p — I — a\ q — 1 — a 2 

o 1 ^ / 1 j (a 2 - Q 2 )g , frff ^ A ,, lm , 

—2 < a 2 < — 1 an« : 1 : > 0. (3.103) 

q — 1 g — 1 — a 2 p — 1 — «i 

77ie«, (P) admits positive solutions (u, v) G W l ' p (D.) x W^'^f!) satisfying: 

p q 

u(x) ~ d(x) p - ! - a i and v(x) ~ d{x) q - 1 -^- in £1. (3.104) 

In addition, we have (u, v) G < ^°' a (£2) x "if °> Q (£2) ,/or some < a < 1. 

(ii) Assume that 

— 1 < e*i < p — 1 awe/ ai — a\ + &i > 0, (3.105) 

— I < ct2 < q — 1 ana" a 2 — a 2 + 6 2 > 0. (3.106) 
77ie«, (P) admits positive solutions (u, v) G Wg P (£2) x Wq' 9 (£2) satisfying: 

u(x) ~ d(.x) ana 1 ~ in £2. (3.107) 

/« addition, we have (u,v) G < *f 1 ' Q (O) x <af 1 ' Q (H) ,/or some < a < 1. 

(iii) Assume that 

— 2— — ^— j- < Qfi < — 1 ana" (ai -ai+&i)p-&i (ai + 1) > 0, (3.108) 

— 1 < a 2 < q — 1 awa" (a 2 — a 2 + 6 2 )p— (a 2 — a 2 )(ai + l) > 0. (3.109) 
77?ew, (P) admits positive solutions (u, v) G Wq P (£2) x Wq' 9 (£2) satisfying: 

p 

u(x) ~ cZ(x) p - 1 - a i ana" ~ d(a;) mil. (3.110) 

/« addition, we have (u,v) G (O) x "if 1 '" (O) ,/or some < a < 1. 

(iv) Symmetrically, assume that 

— I < on < p— 1 aw*/ (ai— ai+6i)(?— (ai— ai)(a 2 + l) > 0, (3.111) 
-2-—!-j- < a 2 < -1 ana" (a 2 -a 2 +6 2 )g-6 2 (a 2 + l) > 0. (3.112) 

77ie», (P) admits positive solutions (u, v) G Wq P (£1) x W^' 9 ^) satisfying: 

i 

u(x) ~ d(x) and v(x) ~ d(x) i- l - a 2 in Q.. (3.113) 
In addition, we have (u,v) G ^ l ' a (O.) x ^°' a (Q.) Jor some < a < 1. 
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Proof. We apply Theorem 2.1 with 

u = mipi, u = m~ 1 ipi and w = > v = m~ a ip2 in £2, (3.114) 

where cr > is the constant given in (3.100) and (3.101), m < 1 is a suitable 
small positive constant and 6 Wq' p (£2), 6 Wq 9 (H) are (given by Theorem 
3.3) the respective unique solutions of problems 

— A p w = w ai in CI; w\g& =0, w > in £2, 

— Ag-u; = w° 2 in £2; itf|sa =0, w > in £2. 

Alternative 1: Assume conditions (3.102) and (3.103) are satisfied. Then, from 
Theorem 3.3, we get 



tpi{x) ~ d(x) p - 1 - a i and ^2^) ~ q - [ - ai - inQ.. 

Let us prove that, for m small enough, (u, u) and (it, u) are respectively sub and 
supersolutions pairs of (P). Let (it, v) E [u,u] x [v,v]. We have in D,, 

-A p u < m p - l Cid{x)~t=^ and - A q v < C[d{x)^^i . (3.115) 

From (3.100) and (3.102), we obtain: 

Aiu" 1 - u ft - fiiu a[ v bl 

> Ai(m^i) Ql [l - ^-(m'i/» 1 )^- Q i - ^(mV>i) ai_Ql [rn-^W ifj 2 ) 

> 4 L m ai C 2 (i(x)? ri1 ^', 

(3.116) 

for m small enough. In addition, from (3.101) and (3.103), we get: 

\ 2 v°"- - v? 1 - ii 2 v ai u bl > ^-m^-Cj^x)^^ in £2, (3.117) 

for m small enough. Then, under conditions (3.102), (3.103) and for m small 
enough, (u, v) is a subsolutions pair of problem (P). We also get 

-A p u > m l - p C 3 d(x)^^ and -A q v > m a{l - q) C' 3 d(x)^^ in £2. (3.118) 
Similarly, one has 

Aiil" 1 -vP x -^u a 'v hx < Xim- ai C 4 d(x)^^ in £2, (3.119) 
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X 2 v a2 - v^ 2 - Li 2 v a2 u bl < A 2 m- <JQ2 C*4(i(x) »-'-*2 in £1. (3.120) 

Then, for m small enough, (u, v) is a supersolutions pair of problem (P). 

Applying Theorem 2.1, we get the existence of positive solutions (u,v) G 
Wo' p (£2) x Wo' 9 (£2) of (P) satisfying (3.104). From Theorem A.l, we get the 
Holder regularity of u and v. This proves (i). 

Alternative 2: Now, let conditions (3.105) and (3.106) be satisfied. Then, 

ipi(x) ~ d(x) and ip 2 {x) ~ <f(x) in £2. 
Let (it, u) G [u, w] x Instead of (3.115), we now get 

-A p u < wP~ 1 Cxd{x) ai and - A q v < m a{q - l) C[d(x) a2 in £1. 
From (3.100), (3.101), (3.105) and (3.106), instead of (3.116) and (3.117), we have 

Aim" 1 - yP l - Lnu ai v bi > -jrn 011 C 2 d(x) ai in £l, 

X 2 v a2 - v h - /j 2 v a2 u b2 > ^-m aa2 C' 2 d(xY 2 in £1, 

for m small enough. Then, under conditions (3.105), (3.106) and for m small 
enough, (u, v) is a subsolutions pair of problem (P). Instead of (3.1 18), we have 

-A p u>m l - p C 3 d{x) ai and - A q v > m^ l - q) C' 3 d(x) a2 in£i. 

Furthermore, the following inequalities 

\{u ai -AijTI 01 ^ 1 < Ai?7i- Q 'C 4 d(a;) Ql in £2, 

A 2 7J Q2 - TJ A - /iz^u 62 < \ x m- aa2 C' A d{x) a2 in £2 

replace (3.119) and (3.120). Then, for m small enough, (u,v) is a supersolutions 
pair of problem (P). We conclude as in the Alternative 1 and (ii) is proved. 

Alternative 3: Now, assume that conditions (3.108) and (3.109) are satisfied. 
Then, 



ip\(x) ~ d(x) p - > - a i and ip 2 {x) ~ d(x) in £2. 
Let (it, v) G [u, u] x Instead of (3.115), we have 

-A p u < m p - l Cid{x)^^ and - A q v < m a{q ~ l) C[d{x) ai - in £2. 
From (3.100), (3.101), (3.108) and (3.109), instead of (3.116) and (3.117), we get 

Aiw Ql - u A - Lnu a >v bi > ym a 'C 2 (J(3;)^ in £2, 
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X 2 v a2 - v? 2 - /j 2 v a2 u b2 > -j-m aa2 C' 2 d{x) a2 in Q., 

for m small enough. Then, under conditions (3.108), (3.109) and for m small 
enough, (u,v) is a subsolutions pair of problem (P). Finally, Instead of (3.118), 
we have 

-A p u > m l - p C 3 d{x)^^ and - A q v > m a{l - q) C' 3 d{x) a2 inQ. 
Instead of (3.119) and (3.120), we obtain 

Aiw" 1 -u A -ii l u ai v bl < X l m- ai C 4 d{x)'^^ in ft, 

X 2 v a2 - v h - ^ 2 v ai u b2 < \ l m-' 7a2 C' 4 d(x) ' 2 in Q.. 

Then, for m small enough, (u,v) is a supersolutions pair of problem (P). Then, 
we conclude as in the Alternative 1. Thus, (iii) and by symmetry (iv) are proved. 

□ 

Concerning the above theorem, we analyse further some limiting cases. The 
proof of the next result follows the proof of Theorem 3.10. So we omit it. 

Theorem 3.14. (i) Let 

a\ = —1 and (a i — a\ + b\)q— (a\ — a\){a 2 + 1) > 0, (3.121) 

—2 < a 2 < — 1 and (a 2 — a 2 —b 2 )q — b 2 (a 2 + l) > 0. (3.122) 

Then, (P) admits positive solutions (u, v) £ W l ' p (D.) x Wq' 9 ^) satisfying: 

u(x) ~ d(x)\]n(d(x))\p and v(x) ~ d(x) 9 -'- Q 2 inQ.. (3.123) 

In addition, we have (u,v) G ^°' Q (Q.) x tf°' a (Q.) Jor some < a < 1. 
(ii) Let 

a\ = —1 and a\ — ol\ + 6i > 0, (3.124) 
a 2 = — 1 and a 2 — a 2 + b 2 >0. (3.125) 
Then, (P) admits positive solutions (u, v) G Wq P (£2) x Wq' 9 (£2) satisfying: 

u(x) ~ d(x)\\n(d(x))\v and v{x) ~ d(x)\hv{d{x))\i inQ.. (3.126) 
In addition, we have (u, v) G c <? ' a (O.) x <r?°' a (Q) Jor some < a < 1. 



Quasilinear and singular elliptic systems 



39 



(iii) Let 

ct\ = —1 and a\ — u\ + 61 > 0, (3.127) 
-1 < a 2 < q - 1 and a 2 -a 2 + b 2 >0. (3.128) 
Then, (P) admits positive solutions (u, v) G Wq P (£2) x Wq' 9 (£2) satisfying: 

x 

u(x) ~ d(x)\ ln(d(x))\p and v(x) ~ d(x) in £2. (3.129) 
/n addition, we have (u,v) G ^°' a (Q.) x "if 1 '" (O) Jor some < a < 1. 

A A useful Holder regularity result 

We consider the following quasilinear elliptic boundary value problem, 

—A r w = f in £2; w\ga = 0, w > in Q. (A.l) 

In this equation, / is a L ] 1 oc (il) function such that there exist two constants C > 
and S > satisfying 

|/(x)| < Cd(x)~ s , a.e. in £2. (A.2) 
Then, we have the following Holder regularity result on the solutions to (A.l). 

Theorem A.l. Assume that f satisfies the growth hypothesis (A.2). Let u G 
WQ' r (£2) be a positive weak solution to (A.l). Let u G Wg' r (£2) be a superso- 
lutions to (A.l) such that 

-A r u>|/| inQ, (A3) 

in the sense of distributions in W _1,r (£1). In addition, assume that there exists 
C' > such that 

0<u<u< C'd(xf a.e in £2, (A.4) 
with < 5' < S. Finally, let a be an arbitrary number such that 

< a < , r . .., < 1. 

r - 1 + 8/5' 

Then, there exists a constant M > 0, depending solely on £2, r and N, on the 
constants C and S in (A.2), on the constants C and 5' in (A.4), and on the constant 
a, such that u G < ^°' Q (£2) and 



40 



J.Giacomoni, J. Hernandez and P. Sauvy 



Proof. The proof is quite similar to the Theorem 1.1's in [11] with a : (x,rj) h-> 
\r]\ p ~ 2 r] in ftxR^. Indeed, to overcome the non-positivity of /, we add conditions 
(A. 3) and (A.4). Then, introducing the same boundary value problem (2. 12), in- 
stead of inequality (2.14), we get here 

\u(x) - v(x)\ < u(x) < Cx% for all a; = (x',x N ) e S+(0). (A.5) 

Then, estimate (A. 18) still holds and the end of the proof is exactly the same. □ 
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